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SOLVABILITY OF POISSON ALGEBRAS
SALVATORE SICILIANO AND HAMID USEFI
Abstract. Let P be a Poisson algebra with a Lie bracket {, } over a
field F of characteristic p ≥ 0. In this paper, the Lie structure of P is
investigated. In particular, if P is solvable with respect to its Lie bracket,
then we prove that the Poisson ideal J of P generated by all elements
{{{x1, x2}, {x3, x4}}, x5} with x1, . . . , x5 ∈ P is associative nilpotent of
index bounded by a function of the derived length of P . We use this
result to further prove that if P is solvable and p 6= 2, then the Poisson
ideal {P, P}P is nil.
1. Introduction
Since the theory of polynomial identities (PI) has proven to be extremely
useful in the variety of associative, Lie, or Jordan algebras, in the past decade
there has been great interest to develop analogues theories for Poisson alge-
bras. Recall that a Poisson algebra P is a commutative associative algebra
with a unity equipped with a Lie bracket {, } that satisfies the Leibniz rule:
{a · b, c} = a · {b, c} + b · {a, c}, a, b, c ∈ P.
Poisson algebras naturally arise in different areas of algebra, topology and
mathematical physics and have received a considerable attention over the
years. One of the main initiatives in the domain of PI Poisson algebras was
taken by Farkas [2, 3] who introduced the analogues of standard polyno-
mial identities. This work was further picked up in [6] to study codimension
growth in characteristic zero and prove that the tensor product of PI Poisson
algebras is again a PI-algebra. Moreover, in [4] Giambruno and Petrograd-
sky established when the symmetric Poisson algebra S(L) or the truncated
symmetric Poisson algebra s(L) of a restricted Lie algebra L satisfies a non-
trivial multilinear Poisson identical relation. More recently, in [7], Monteiro
Alves and Petrogradsky focused on Lie identities of S(L) and s(L), establish-
ing in particular when these Poisson algebras are Lie nilpotent or solvable in
odd characteristic. Further developments of these topics have been recently
carried out by the first author in [12].
In this paper, we investigate the Lie identities of an arbitrary Poisson
algebra P and study the relationship between the Lie structure and the
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associative structure of P . Motivation for these problems also arises from
analogous problems for rings. An important result for Lie solvable varieties
of associative algebras was proved independently by Sharma and Srivastava
[10] and Smirnov and Zalesskii [15]. Let R be an associative algebra and
consider the Lie product on R given by [x, y] = xy − yx for all x, y ∈ R.
Denote by J the ideal of R generated by all elements [[[x1, x2], [x3, x4]], x5]
with x1, . . . , x5 ∈ R. It is proved in [10] and [15] that if R is Lie solvable,
then J is associative nilpotent. This result has been used numerously and
proven to be very useful (see e.g. [1, 9, 13, 14]). The primary goal of this
paper is to prove a similar statement for Poisson algebras. In Theorem
3.3, we prove that if P is a solvable Poisson algebra of derived length n,
then the Poisson ideal generated by all elements {{{x1, x2}, {x3, x4}}, x5} is
associative nilpotent of index bounded by a function of n. We also mention
that an application of this result in a forthcoming paper allows to settle the
solvability problem of S(L) and s(L) in characteristic 2 posed in [7, §5.3].
In our second main result, we investigate the extent to which the ideal
{P,P}P is nil (of bounded index) in case P is solvable. Jennings [5] proved
that if R is a finitely generated Lie nilpotent ring, then the ideal [R,R]R is
nilpotent. In [9], for an associative algebra A over a field of characteristic
p > 0, Riley showed that [A,A]A is nil of bounded index whenever A is Lie
nilpotent, or Lie solvable and p > 2. Now, in characteristic zero, it follows
from [6, Theorem 7.2] that if a Poisson algebra P is solvable, then {P,P}P
is nil. In Theorem 3.6, we strengthen this result by proving that if P is
solvable over a field of characteristic p 6= 2, then the Poisson ideal {P,P}P
is nil. Furthermore, if P is solvable and p ≥ 3 or P is Lie nilpotent and
p ≥ 2, then {P,P}P is nil of bounded index. This generalizes the main
result in [7] about the Lie structure of S(L) to all reduced Poisson algebras.
2. Definitions and notation
Let P be a Poisson algebra over a field F. The Poisson brackets are left-
normed: {x1, . . . , xn} = {{x1, . . . , xn−1}, xn}, n ≥ 1. We will denote by
〈S〉F the subspace spanned by a subset S of P . We use the symbol ZP (P )
for the Poisson center of P (that is, the center of P as a Lie algebra). When
one deals with ideals of Poisson algebras or their properties, it is important
to distinguish which operation is considered. Our convention is that the
term ideal refers to the associative multiplication, Lie ideal refers to the Lie
bracket, and Poisson ideal refers to both.
The terms of the derived series of a Lie ideal L of P are defined by δ0(L) =
L and δn(L) = {δn−1(L), δn−1(L)} for n > 0. Moreover, we denote by
γn(L) (n ≥ 1) the terms of the descending central series of L. In particular,
γ2(L) = δ1(L) is the derived subalgebra of L. We say that P is Lie nilpotent
if P is nilpotent as a Lie algebra. The upper Lie power series of P is the chain
of Poisson ideals of P defined by P (1) = P and P (n) = {P (n−1), P (n−1)}P
for every n > 1. The Poisson algebra P is said to be strongly Lie nilpotent
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of class c if P (c+1) = 0 and P (c) 6= 0. One says that the Poisson algebra P
is solvable if P is solvable as a Lie algebra. In this case, the minimal n such
that δn(P ) = 0 is called the derived length of P . The upper derived series
of P is defined by setting δ˜0(P ) = P and δ˜n(P ) = {δ˜n−1(P ), δ˜n−1(P )}P
for every n > 0. Note that δ˜n(P ) is a Poisson ideal of P for every n. The
Poisson algebra P is said to be strongly solvable if δ˜n(P ) = 0, for some n.
In this case, the minimal n with such a property is called the strong derived
length of P . It is clear that strong solvability implies solvability, but the
converse is in general not true.
We say that a Poisson ideal I of P is nil if all elements of I are nilpotent.
In particular, I is said to be nil of bounded index if there exists a positive
integer r such that xr = 0 for every x ∈ I. Furthermore, I is said to be
associative nilpotent if I is a nilpotent ideal of P as an associative algebra.
3. Lie properties of Poisson algebras
We start with the following result about strong solvability and strong
Lie nilpotence, which represents the Poisson analogue of the corresponding
results of Jennings for rings [5, Theorems 5.5 and 6.5].
Proposition 3.1. Let P be a Poisson algebra over a field F. Then the
following statements hold.
(1) If P is strongly solvable, then δ˜1(P ) is associative nilpotent of index
at most 2n − 1, where n is the strong derived length of P .
(2) P is strongly Lie nilpotent if and only if P is Lie nilpotent and
strongly solvable.
Proof. (1) It will be enough to show that, for every positive integer k, one
has
δ˜1(P )
2k−1 ⊆ δ˜k(P ). (1)
We proceed by induction on k. Let k > 1, the claim being trivial for k = 1.
For all x1, x2 ∈ δ˜1(P )
2k−1−1 and y1, y2 ∈ P we have
x1x2{y1, y2} = {x1y1, x2y2} − {x1, x2y2}y1 − {x1y1, x2}y2 + {x1, x2}y1y2.
It follows that
δ˜1(P )
2k−1 = δ˜1(P )
2k−1−1 · δ˜1(P )
2k−1−1 · δ˜1(P )
⊆ {δ˜k−1(P ), δ˜k−1(P )}P = δ˜k(P ),
as claimed.
(2) Necessity is clear. Conversely, suppose that P is both Lie nilpotent
and strongly solvable. We proceed by induction on the Lie nilpotence class
c of P . The claim is trivial for c = 1. Suppose then c > 1. Then the Poisson
algebra P¯ = P/γc(P )P is Lie nilpotent of class at most c− 1 and so, by the
induction hypothesis, P¯ is strongly nilpotent. Hence we have P (r) ⊆ γc(P )P
for some positive integer r. As γc(P ) ⊆ ZP (P ), it follows that
P (2r−1) ⊆ γc(P )P
(r) ⊆ γ2c (P )P.
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We can then continue in this fashion to show that
P (k(r−1)+1) ⊆ γkc (P )P (2)
for every nonnegative integer k. Now, by the first part of the theorem we
know that δ˜1(P ) = γ2(P )P is associative nilpotent. As γc(P ) ⊆ δ˜1(P ), by
Equation (2) we conclude that P (2k(r−1)+1) = 0 for some k sufficiently large,
which proves the assertion. ✷
We now deal with solvability. Our aim is prove the Poisson version of
a result obtained by Sharma and Srivastava [10] and, independently, by
Smirnov and Zalesski [15]. We will make use of the following result. Its
proof can be found in [7, Lemma 8.7] for I = P , by the same arguments
actually work for any Lie ideal I of the Poisson algebra P .
Lemma 3.2. Let P be a Poisson algebra and I a Lie ideal of P . Then
γm(I)γn(I) ⊆ γm+n−2(I)P
for every m,n ≥ 2.
Our first main result is the following:
Theorem 3.3. Let P a solvable Poisson algebra of derived length n. Then
the Poisson ideal generated by all elements {{x1, x2}, {x3, x4}, x5} is asso-
ciative nilpotent of index bounded by a function of n.
Proof. We can suppose n ≥ 2, the claim being trivial when P is abelian. We
have divided the proof into a sequence of steps. Throughout the proof, I is
a Lie ideal of P .
Step 1: γ3(I)γ4(I) ⊆ δ2(I)P . Let x1, x2, x3, x4, x5, x6, x7 ∈ I. We clearly
have
{{x1, x2}, {x3{x4, x5}, x6, x7}} ∈ {γ2(I), γ3(I)} ⊆ δ2(L).
On the other hand one has
{{x1, x2}, {x3{x4, x5}, x6, x7}} = {{x1, x2}, {x3, x6, x7}{x4, x5}+
{x3, x6}{x4, x5, x7}+ {x3, x7}{x4, x5, x6}+ x3{x4, x5, x6, x7}}
≡ {{x1, x2, x3} · {x4, x5, x6, x7}} (mod δ2(I)P ),
and the claim follows at once.
Step 2: γ2(I){γ2(I), P} ⊆ γ3(I)P . Let x1, x2, x3, x4 ∈ I and x5 ∈ P . We
have
{x3, x4, {x1, x2x5}} = {x3, x4, {x1, x2}x5 + x2{x1, x5}}
≡ {x1, x2}{x3, x4, x5} (mod γ3(I)P ).
Since {x3, x4, {x1, x2x5}} ∈ γ3(I)P , this yields the claim.
Step 3: {I2, P} ⊆ I. Let x1, x2 ∈ I and x3 ∈ P . We have
{x1x2, x3} = {x2, x1x3} − {x2x3, x1} ∈ I,
yielding the claim.
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Step 4: γ22(I)γ3(P ) ⊆ I + {γ2(I), P}P . Let x1, x2, x3, x4 ∈ I and
x5, x6, x7 ∈ P . Consider the element x = {x1, x2x6, {x3x5, x4}, x7} ∈
{γ2(I), P}. Then
x = {{x1, x2}x6 + x2{x1, x6}, {x3, x4}x5 + x3{x5, x4}, x7}.
Since x2{x1, x6} and x3{x5, x4} are in I
2, by Step 3 we have
{{x1, x2}x6, {x3, x4}x5, x7} ∈ I + {γ2(I), P}P.
Moreover
{{x1, x2, {x3, x4}x5}x6, x7} ∈ {γ2(I), P}P
and so, by the Jacobi identity, we infer that
{{x1, x2}{x6, {x3, x4}x5}, x7} ∈ I + {γ2(I), P}P.
In turn, this implies
{{x1, x2}{x3, x4}{x6, x5}, x7} ∈ I + {γ2(I), P}P.
It follows that
{x1, x2}{x3, x4}{x5, x6, x7} ∈ I + {γ2(I), P}P,
and the desired conclusion follows at once.
Step 5:
(
γ2(I)
5{γ3(P ), γ3(P ), P}
)3
⊆ δ2(I)P . From Step 4 it follows
that
{γ2(I)
2γ3(P ), γ2(I)
2γ3(P )} ⊆ γ2(I) + {γ2(I), P}P.
This forces
γ2(I)
4{γ3(P ), γ3(P )} ⊆ γ2(I) + {γ2(I), P}P
and then
γ2(I)
4{γ3(P ), γ3(P ), P} ⊆ {γ2(I), P}P. (3)
Now, by Step 1 and Lemma 3.2 we obtain γ3(I)
3 ⊆ δ2(I)P and so, by Step
2, we have γ2(I)
3{γ2(I), P}
3 ⊆ δ2(I)P . Therefore, in view of relation (3)
we get
γ2(I)
3
(
γ2(I)
4{γ3(P ), γ3(P ), P}
)3
⊆ δ2(I)P,
which is equivalent to the claim.
Step 6: {γ3(P ), γ2(P ), P}{γ2(P ), γ3(P ), γ3(P )} ⊆ {P, γ3(P ), γ3(P )}P .
Let J,K be Lie ideals of P . Suppose that K ⊆ L, where L is the Lie ideal
consisting of all elements x ∈ P such that {P, x} ⊆ J . We will show that
{L, J, P}{P,P,K,K} ⊆ {J,K,P}P. (4)
From this, the desired conclusion will follow by setting J = K = γ3(P ) and
L = γ2(P ). Let x1 ∈ L, x2 ∈ J , x3, x4, x5 ∈ P , x6, x7 ∈ K. We have
{x4x6, x7, x2, x3} = {{x4, x7}x6 + x4{x6, x7}, x2, x3}
= {{x4, x7, x2}x6 + {x4, x7}{x6, x2}+ {x4, x2}{x6, x7}+ x4{x6, x7, x2}, x3}
≡ {{x4, x7, x2}{x6, x3}+ {x4, x7, x3}{x6, x2}+ {x4, x2, x3}{x6, x7}
+ {x4, x2}{x6, x7, x3}+ {x4, x3}{x6, x7, x2} (mod {J,K,P}P ).
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As {x4x6, x7, x2, x3} ∈ {J,K,P}, replacing x6 with {x5, x6} in the previous
relation yields
{x4, x7, x2}{x5, x6, x3}+ {x4, x7, x3}{x5, x6, x2}
+ {x4, x2, x3}{x5, x6, x7} ∈ {J,K,P}P. (5)
Now, by switching x6 with x7 and x4 with x5 in (5) we get
{x4, x7, x2}{x5, x6, x3}+ {x4, x7, x3}{x5, x6, x2}
+ {x5, x2, x3}{x4, x7, x6} ∈ {J,K,P}P
and then
{x4, x2, x3}{x5, x6, x7} ≡ {x5, x2, x3}{x4, x7, x6} (mod {J,K,P}P ),
or equivalently
{x4, x2, x3}{x6, x5, x7} ≡ {x5, x2, x3}{x7, x4, x6} (mod {J,K,P}P ). (6)
Note that
{x5, x6, x4, x7} ≡ {x5, x6, {x4, x7}} (mod {J,K,P}P ). (7)
Therefore, replacing x4 by x1 and x6 by {x6, x4} in (6) and using (7) we get
{x1, x2, x3}{x6, x4, x5, x7} ≡ {x5, x2, x3}{x7, x1, {x6, x4}}
≡ {x5, x2, x3}{x6, x4, x1, x7} ≡ {x5, x2, x3}{x6, x1, x4, x7}
≡ {x5, x2, x3}{x6, x1, {x4, x7}} ≡ {x1, x2, x3}{x4, x7, x5, x6}
≡ {x1, x2, x3}{x6, x5, {x4, x7}} ≡ {x1, x2, x3}{x6, x5, x4, x7} (mod {J,K,P}P ).
Consequently, by the Jacobi identity we must have
{x1, x2, x3}{x6, {x4, x5}, x7} ∈ {J,K,P}P
and then
{x1, x2, x3}{x4, x5, x6, x7} ∈ {J,K,P}P,
from which (4) follows at once.
Step 7: Let A,B,C be Lie ideals of P such that {P,B} ⊆ A. Then
{P,C}{A,B} ⊆ {A,C}P . Let x1 ∈ P , x2 ∈ A, x3 ∈ B, x4 ∈ C. We have
{{x1x2, x3}, x4} ≡ {x1, x4}{x2, x3} (mod {A,C}P ).
Since {{x1x2, x3}, x4} ⊆ {A,C}, the claim follows.
Step 8: {δ2(P ), P}
3γ3(P )
4 ⊆ {γ3(P ), γ3(P ), P}P . By applying Step 7
for A = γ3(P ), B = γ2(P ) and C = {γ3(P ), γ2(P )} we get
{γ3(P ), γ2(P ), P}{γ3(P ), γ2(P )} ⊆ {γ2(P ), γ3(P ), γ3(P )}P.
Thus, by Step 6 we obtain
{γ3(P ), γ2(P ), P}
2{γ3(P ), γ2(P )} ⊆ {γ3(P ), γ3(P ), P}P. (8)
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We have
{δ2(P ), P} = {γ2(P ), γ2(P ), P}
⊆ {γ2(P ), P, γ2(P )} = {γ3(P ), γ2(P )}. (9)
Moreover
{γ2(P ), γ2(P ), γ2(P )} ⊆ {γ2(P ), γ2(P ), P, P}
⊆ {γ2(P ), P, γ2(P ), P} = {γ3(P ), γ2(P ), P}. (10)
Let x1, x2, x3, x4 ∈ γ2(P ) and x5 ∈ P . We have
{x1, x2, {x3, x4x5}} ≡ {x1, x2, x5}{x3, x4} (mod {γ2(P ), γ2(P ), γ2(P )}P ).
As {x1, x2, {x3, x4x5}} ∈ {γ2(P ), γ2(P ), γ2(P )}, we have
{γ2(P ), γ2(P ), P}{γ2(P ), γ2(P )} ⊆ {γ2(P ), γ2(P ), γ2(P )}P
and so, by (10), we conclude that
{δ2(P ), P}δ2(P )P ⊆ {γ3(P ), γ2(P ), P}P. (11)
Furthermore, for every x1, x2 ∈ γ2(P ) and x3, x4 ∈ P one has
{x1, {x2x3, x4}} ≡ {x1, x3}{x2, x4} (mod δ2(P )P ).
Since {x1, {x2x3, x4}} ∈ δ2(P ), it follows that
γ3(P )
2 ⊆ δ2(P )P. (12)
At this stage, the combination of (8) with (9), (11) and (12) yields
{δ2(P ), P}
3γ3(P )
4 ⊆ {γ3(P ), γ3(P ), P}P.
Step 9: We have {δ2(P ), P}
t = 0, where t = 15n−2+ 32(15
n−2−1). By Step
5 and Step 8 we infer that
γ2(I)
15γ3(P )
12{δ2(P ), P}
9 ⊆ δ2(I)P.
In particular, for I = δi(P ) where i ≥ 0 the previous relation becomes
δi+1(P )
15γ3(P )
12{δ2(P ), P}
9 ⊆ δi+2(P )P. (13)
Now, it follows from (13) that
δn−1(P )
15γ3(P )
12{δ2(P ), P}
9 = 0. (14)
Furthermore, by combining (13) (applied for i = n− 3) and (14) we obtain
δn−2(P )
152γ3(P )
12(15+1){δ2(P ), P}
9(15+1) = 0.
At this stage, for every j ≥ n we see by induction that
δn−j(P )
15jγ3(P )
12·(
∑j−1
k=0
15k){δ2(P ), P}
9·(
∑j−1
k=0
15k) = 0,
thus
δn−j(P )
15jγ3(P )
6
7
·(15j−1){δ2(P ), P}
9
14
·(15j−1) = 0. (15)
Since {δ2(P ), P} ⊆ δ2(P ) ⊆ γ3(P ), for j = n− 2 the formula (15) implies
{δ2(P ), P}
15n−2+ 3
2
(15n−2−1) = 0,
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as claimed. This completes the proof. ✷
Let P be a Poisson algebra over a field of characteristic zero. If P is solv-
able, then it follows from [6, Theorem 7.2] that δ˜1(P ) is nil. Our next goal is
to extend this result in characteristic p > 2. In this case, we will obtain the
stronger conclusion that δ˜1(P ) is nil of bounded index. Note that this is not
true in characteristic zero. Consider for instance the Poisson-Grassmann al-
gebra G on a countable-dimensional vector space V = span{e1, e2, . . .} over
a field of characteristic zero (cf. [6, §6]). Then G is Lie nilpotent of class 2
(see [6, Theorem 6.1(5)]). However,
{G,G} = {ei1ei2 · · · ei2n | i1 < i2 < · · · < i2n}
is not nil of bounded index since, for every positive integer n, the element
e1e2 + e3e4 + · · ·+ e2n−1e2n has index of nilpotency n+ 1.
We first prove a couple of preliminary lemmas.
Lemma 3.4. Let I be a Poisson ideal of a Poisson algebra P over a field
F. Then, for every a, b, c, x, y ∈ I and positive integer m, we have
(1) ({a, b, c} − {b, c, a})γm(I)⊆γm+1(I)P .
(2) {x, y}2γm(I)⊆γm+1(I)P .
Proof. Let d, e ∈ I. Direct computations imply that
({a, b, c} − {b, c, a}){d, e} ={ac, d, b, e} − a{c, d, b, e} + {c, d, be, a}
+ b{d, c, e, a} + {d, c, b, a}e + {d, a, b, c}e
− {a, d, b, e}c + {b, c, ae, d} + a{c, b, e, d}
+ {c, b, a, d}e + {b, a, ec, d} + e{a, b, c, d}
+ {a, d, be, c} + {a, b, e, d}c − b{a, d, e, c}.
It is now enough to take d ∈ γm−1(I) to deduce Part (1).
By Part (1), for all a, b ∈ I, we have
{a, b, b}γm(I)⊆γm+1(I)P. (16)
Using Part (1) again, we get {a, b, c}z ≡ {b, c, a}z (mod γm+1(I)P ), for
every a, b, c ∈ I and z ∈ γm(I). It follows from the Jacobi identity that
3{a, b, c}γm(I)⊆γm+1(I)P. (17)
Let x, y, z ∈ I. A direct expansion yields
{x, y}{y, z} = 3{xy, y, z} − 3{x, y, z}y
− {xz, y, y}+ {x, y, y}z + x{z, y, y}. (18)
The result now follows from (16), (17), and (18). ✷
We note that Equation (17) immediately implies that if P is Lie nilpotent
and char(F) 6= 3, then γ3(P )P is associative nilpotent. This also follows from
[7, Lemma 8.7].
We also need the following technical lemma after which we would be ready
to prove the second main result of this paper.
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Lemma 3.5. Let P be a Poisson algebra and denote by J the Poisson ideal
of P generated by all elements {{x1, x2}, {x3, x4}, x5} with x1, . . . , x5 ∈ P .
Then 4{{x1, x2}, {x3, x4}}
3 ∈ J , for all x1, . . . , x4 ∈ P .
Proof. Let z1 = {x1, x2} and z2 = {x3, x4}. Note that
2{z1, z2}
2 ={z21 , z2, z2} − 2z1{z1, z2, z2} ≡ {z
2
1 , z2, z2} (modJ ).
Furthermore,
2{z21 , z2, z2}{z1, z2} ={z
2
2 , z
2
1 , z2, z1}+ 2z2{z
2
1 , z2, z2, z1} ≡ 0 (modJ ).
We conclude that 4{z1, z2}
3 ∈ J , as required. ✷
Theorem 3.6. Let P be Poisson algebra over a field F of characteristic
p ≥ 0.
(1) If P is solvable and p 6= 2, then {P,P}P is a nil ideal.
(2) If P is solvable and p ≥ 3, then {P,P}P is nil of bounded index.
(3) If P is Lie nilpotent and p > 0, then {P,P}P is nil of bounded index.
Proof. Let x, y ∈ P . Note that, by Lemma 3.4, {x, y}3 ∈ γ3(P )P and
{x, y}5 ∈ γ4(P )P . As a consequence, by Step 1 of the proof of Theorem 3.3,
we deduce that {x, y}8 ∈ δ2(P )P . Now, a typical element z of {P,P}P is
of the form z =
∑s
i=1{xi, yi}zi, where xi, yi, zi ∈ P for every 1 ≤ i ≤ s.
To prove Part (1), we note that z8s ∈ δ2(P )P . Therefore it suffices to
show that δ2(P )P is nil. Now, every element a of δ2(P )P is of the form
a =
∑r
i=1{ui, vi}xi, where ui, vi ∈ {P,P} and xi ∈ P , for every 1 ≤ i ≤ r.
Since p 6= 2, it follows from Lemma 3.5 that each {ui, vi}
3 ∈ J . Thus
a3r ∈ J . Theorem 3.3 now implies that a is nilpotent.
Suppose that p ≥ 3 and let us prove Part (2). For what was showed
above, for all x, y ∈ P we have {x, y}8 ∈ δ2(P )P , so that {x, y}
p2 ∈ δ2(P )P .
Hence zp
2
=
∑s
i=1{xi, yi}
p2zp
2
i ∈ δ2(P )P . It is now enough to observe that
δ2(P )P is nil of bounded index. Indeed, every element b of δ2(P )P is of
the form b =
∑r
i=1{ui, vi}xi, where ui, vi ∈ {P,P} and xi ∈ P , for every
1 ≤ i ≤ r. Since p 6= 3, it follows from Lemma 3.5 that each {ui, vi}
p ∈ J .
Hence bp ∈ J , and by Theorem 3.3 we obtain the desired conclusion.
To prove Part (3), it is enough by Part (2) to prove the statement for
p = 2. By Lemma 3.4 and the Jacobi identity, we have
{a, b, c}γm(P )⊆γm+1(P )P, (19)
for every a, b, c ∈ P . Let s be the nilpotence class of P and r the smallest
integer such that 2r ≥ s + 1. We deduce from Equation (19) that z2
r
= 0,
for every z ∈ γ3(P ). We can now replace P with P/γ3(P )P and assume
that γ3(P ) = 0. It then follows from Lemma 3.4 that {x, y}
4 = 0, for every
x, y ∈ P . Since every element z ∈ {P,P} is a linear combination of the
{xi, yi}’s, it then follows that z
4 = 0. This finishes the proof. ✷
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Remark 3.7. The assumption on the characteristic of the ground field
cannot be dropped in Theorem 3.6(1). In fact, the Hamiltonian Poisson
algebra H2 in two indeterminates over a field F of characteristic 2 is solvable
of derived length 3 (see [7, Lemma 11.3]). However, as H2 is a domain,
δ˜1(H2) is not nil.
Let us now discuss some consequences of our previous results. We say
that a Poisson algebra P is reduced if P is reduced as an associative algebra
(that is, P is free of nonzero nilpotent elements). By Theorem 3.6 and
Proposition 3.1 we have
Corollary 3.8. Let P be a reduced Poisson algebra over a field F. Then the
following statements hold.
(1) P is Lie nilpotent if and only if P is abelian.
(2) P is strongly solvable if and only if P is abelian.
(3) If F has characteristic not 2, then P is solvable if and only if P is
abelian.
Let L be a Lie algebra L over a field F and denote by S(L) its symmet-
ric algebra, which we identify with the polynomial ring F[x1, x2, . . .] where
x1, x2, . . . is an F-basis of L over F. The Lie bracket {x, y} of L can be
uniquely extended to a Poisson bracket of S(L) so that this commutative
algebra becomes a Poisson algebra, called the symmetric Poisson algebra of
L. The Lie identities of S(L) have been investigated by Monteiro Alves and
Petrogradsky in [7] (see also [12] for further developments). In particular,
by generalizing a result of Shestakov in [11], in [7, Theorem 4.4] the authors
proved the theorem quoted below:
Theorem 3.9. Let L be a Lie algebra over a field F, and S(L) its symmetric
Poisson algebra. The following conditions are equivalent:
(1) L is abelian;
(2) S(L) is strongly Lie nilpotent;
(3) S(L) is Lie nilpotent;
(4) S(L) is strongly solvable;
(5) S(L) is solvable (here assume that char(F) 6= 2).
As the Poisson algebra S(L) is reduced, the previous theorem is now a
consequence of Corollary 3.8.
When F has characteristic p > 0, the Poisson bracket of S(L) naturally
induces a Poisson bracket on the factor algebra s(L) = S(L)/I, where I is
the ideal generated by the elements xp with x ∈ L. The conditions under
which the Poisson algebra s(L) is solvable in characteristic different from 2
or Lie nilpotent were also determined by Monteiro Alves and Petrogradski
in [7]. In characteristic 2, solvability of S(L) and s(L) was left by the
authors as an open problem and a related conjecture was proposed (see [7,
§5.3, Conjecture]). A counterexample for this conjecture was found in [12].
However, by means of Theorem 3.3, a corrected version of [7, §5.3] can be
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proved, thereby completing the classification. This will be accomplished in
a forthcoming separate paper.
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